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Expansion of Gas Clouds and Hypersonic Jets Bounded by a
Vacuum

H. MlRELS* AND J. F. MlILLENf
Aerospace Corporation, El Segundo, Calif.

The unsteady expansion of gas clouds, bounded by a vacuum, is considered for both con-
tinuum and free molecular flows. Known analytical solutions are reviewed with emphasis
on the asymptotic nature of the flow after long times. An approximate analytical solution is
presented for the continuum expansion, after long time, of an initially uniform gas cloud.
For a plane expansion, the approximate solution is in exact agreement with the known exact
solution. For cylindrical and spherical expansions, the approximate solution appears to
give results for density (at the axis) which are higher than those obtained by a numerical
integration of the equations of motion. Insufficient data are available for a precise evalu-
ation of the approximate solution. The continuum and free molecular expansions of an
initially uniform gas are found to be quite similar, after long time, except for the flow in the
vicinity of the leading edge of the expansions. For a given gas, the density at the axis decays
more rapidly, with time, for the continuum case. The extension of these results to hypersonic
jets, bounded by a vacuum, also is noted.

Nomenclature
a = sound speed
F = hypergeometric function
h = T/2a0

2

M = Mach number
m = elemental mass
N = (7 + 1)/2(T - 1)
p = pressure
R = ordinate of leading edge of expansion
r = spatial coordinate, transverse for jet flows
t = time
u = axial velocity for jet flow
v = velocity, transverse for jet flows
x = axial coordinate for jet flows
«,/5 = characteristic Riemann invariants
F = gamma function
7 = specific heat ratio
d = characteristic streamline slope
rj — similarity variable
p — density
a = dimensional index (0, 1, 2)

Introduction

SPACE flight has intensified interest in the unsteady ex-
pansion of gas clouds into a vacuum. A related prob-

lem, the lateral expansion of a hypersonic jet bounded by a
vacuum, also is of current interest.

Several analytic solutions exist for unsteady expansions into
a vacuum. References 1 and 2 have treated plane, cylindri-
cal, and spherical self-similar flows. These are flows where
time can be eliminated from the equations of motion, reducing
them to ordinary differential equations that can be integrated
in closed form. Only special initial conditions for a gas
eloud can lead to self-similar solutions. In particular, the
initial density distribution cannot be uniform. The plane
problem of an initially uniform gas cloud, expanding into a
vacuum, has been solved analytically in Ref. 3. The solu-
tion for an initially uniform cylindrical or spherical gas
cloud requires numerical integration of the equations of
motion. The foregoing studies use continuum equations of
motion. If the mean free path in a gas cloud is considerably
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larger than the cloud diameter, the resulting expansion can
be treated as a free molecule flow. Reference 4 has obtained
solutions, in quadrature form, for the free molecular expansion
of arbitrary gas clouds.

In the present study, the asymptotic nature of the flow field,
after long times, is examined for each of the analytical solu-
tions mentioned in the foregoing. These are used as a guide
to develop an approximate asymptotic solution for the ex-
pansion of an initially uniform cylindrical or spherical gas
cloud. Reference 5 has discussed the asymptotic nature of
the flow, near the origin, for the plane problem of an initially
uniform gas cloud expanding into a vacuum. The present
study is a generalization of Ref. 5 in that the entire flow field
between the origin and the leading edge of the expansion is
considered. In addition, cylindrical and spherical expansions
are considered. The application of the unsteady plane and
cylindrical flow results for finding the lateral spreading of a
steady hypersonic jet, bounded by a vacuum, also is discussed.

Unsteady Expansion of Gas into Vacuum

General Considerations

The equations of motion for unsteady flows in one spatial
variable f may be written as follows:

Continuity

(la)

Momentum

df p df 5f

where the superscript bar indicates a dimensional quantity
and cr = 0, 1, 2 for plane, cylindrical, and spherical flows,
respectively. See the Nomenclature for definition of the
other variables. Equation (lb) and all subsequent de-
velopments assume that the entropy of the gas is uniform [i.e.,
the relation p = cpT, where c is a constant, has been used to
eliminate the variable p in Eq. (lb) so that there are now
two dependent variables, p and v].

Equations (1) can be nondimensionalized by introducing
the following variables:

_ P
P — ~

PQ
= (2)
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In all subsequent developments, RQ will be taken to be the
initial (t = 0) gas cloud radius. For initially uniform gases,
Po and a0 are the initial density and sound speed, respectively.
For initially nonunif orm gases, p0 and do are evaluated at f =
0, I = 0. Substitution of Eqs. (2) into Eqs. (1) yields

(5P/50 + (5pt;/5r) + <r(pv/r) = 0 (3a)

(50/50 + v&v/dr) = -pT-2(dp/dr) (3b)

which are the nondimensional equations considered herein.
As pointed out in Ref. 6, the pressure gradient term in the

momentum equation [right side of Eq. (3b)] becomes negli-
gible, after long times, when studying the expansion of gases
into a vacuum. Equation (3b) then can be integrated to
yield

v = r/t (4)

Reference 6 refers to such flows as "inertia dominated."
That is, each gas particle moves with a constant velocity and
is unaffected by the other particles. Substitution of Eq.
(4) into Eq. (3a) shows that the density distribution must
have the form

=f(r/t) (5)

where /(r/0 is a function of r/t. The precise form for this
function depends on the earlier motion of the gas cloud.
The motion is self-similar, after long times, since v and pta+1

are functions only of r/t. All solutions discussed herein will
have this asymptotic behavior.

Self-Similar Flows

References 1 and 2 have investigated expansions into a
vacuum which are self-similar at all times. These flows now
will be discussed.

Let R(t) be the leading edge of a gas cloud that is expanding
into a vacuum. The gas particles then are contained in the
region 0 < r < R(t). A vacuum exists for r > R(t). Define
a similarity variable

77 = r/R(t) (6)

so that 77 = 1 corresponds to the leading edge of the gas
cloud and the gas is confined to the region 0 < 77 < 1. Self-
similar solutions are found by assuming that the dependent
variables have the form v = g(t)<l>(ri) and p = h(t)f(rf)y sub-
stituting into Eqs. (3), and finding the form of g(t) and h(t)
such that the resulting equations are independent of t. The
resulting solution, for a gas expanding into a vacuum,1? 2

p = #-(*+!) [l - ^ji/Cy-i) (7a)

v = (dR/dt) ri (7b)
where

dR
dt (a + I)1/2 7 - 1

[1 - (g)

This solution satisfies the boundary conditions:

at t = 0;

t = 0

t > 0
t > 0

R = 1
r = 0;

r] = 1;
r] = 0;

dR/dt = 0

P = 1
p = 0

v = 0

(9b)
(9c)
(9d)

Thus, initially (t — 0), v = 0, and p varies from 1 at r = 0
to 0 at r = R. At later times, v is not zero and varies linearly
with r. The variation of v/(dR/dt) and pRa+l with 77 is
illustrated in Fig. 1.

v/(dR/dt)

cr+l

v/(dR/dt),

Fig. 1 Variation of v/(dR/dt) and pRff + 1 with 77

The location of the leading edge of the expansion, at any
time, can be found by integrating Eq. (8) which can be put
in the form

(a + 1)]/2 7 - 1
dR

K
(lOa)

(10b)

where N0 = 2/(cr + l)(y — 1). Equation (lOb) is obtained
from Eq. (lOa) by letting R = secAr°0. Equation (lOb) can
be integrated in closed form when 7V0 is an integer. For
example,

1
T -

= (R2 - 1)1/2

= [R(R - l)]1

N0 = 1 (lla)

- 1)1/2 +¥0 = 2 (lib)

No = 3 (lie)
Equation (lla) includes the case cr = 2, 7 = f. Equation
(lib) includes the cases a = 1, 7 = -f and a = 2, 7 = -f.
Equation (lie) includes the cases 0- = 0, 7 = f; (7 = 1,
7 = |; and a- = 2, 7 = -3^-. Thus Eq. (lOb) permits the
complete closed form solution for a large number of cases of
interest. The reduction of Eq. (lOa) to Eq. (lOb) does not
appear to have been presented previously. The variation
of R with t is illustrated in Fig. 2, which presents results for
7 = f, | and a = 0, 1, and 2.

The asymptotic nature of the flow, after long times, now
will be noted. Equation (lOa) shows that for # -(* + DC? - D «
1 (i.e., after long times),

R = 1
7 ~

t (12)

Thus, after long times, the leading edge moves with a uni-
form velocity dR/dt = 2/[(o- + 1)1/2 (7 - 1)]. For cr = 0,
this velocity is the same as that associated with the expansion
of an initially uniform gas cloud into a vacuum, t However,
for a = 1, 2, the final velocity is less, by the factor l/(o- +
1)1/2, than the corresponding velocity for an initially uniform

t For an initially uniform gas cloud, dR/dt = 2/(y — 1)
for all t > 0, regardless of the value of cr. (The case of an initially
uniform gas and a = 0 is treated in the next section.) This is
true because at t = 0 the flow in the vicinity of r = R behaves
as though a- = 0. The leading edge achieves the limiting
velocity dR/dt = 2/(j — 1) and is unaffected by the subsequent
expansion of the remainder of the gas. ! See Ref. 7 for further
discussion.
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Fig. 2 Leading edge of expansion for self-similar flows
(from Ref. 1, p. 276)

gas cloud. The reason for this is that in the present case
the particles at the leading edge of the expansion have no
energy at t = 0 and subsequently are accelerated by the
particles in the interior of the gas cloud. For <j = 0, there
are sufficient particles at and near the energy corresponding
to conditions at t = r = 0 to drive the front to the limiting
velocity dR/dt = 2/(j — 1). With increase in cr, there is a
decrease in the relative number of particles that have energy
at or near the value at t = r = 0. Hence, the front is ac-
celerated to lower velocity as cr increases.

After long times, the velocity and density are given by
[from Eqs. (7) and (12)]

pt"

v = r/t

(a + I)1/2 (7 - DV+1

(13a)

where 77 = (a + l)1/2[(7 — l)/2](r/£).
in agreement with Eqs. (4) and (5) .

These expressions are

Analytical Solution for a- = 0 and Uniform Initial Density

Reference 3 has given the characteristics solution for the
plane (v = 0) expansion into a vacuum of a gas that is initially
uniform. This solution has been discussed in greater detail

Fig. 3 Lines of constant a. and /3 (characteristics) for ex-
pansion of uniform gas into a vacuum, a = 0

in Refs. 5 and 6. The uniform gas originally extends from
r = 0 to r = 1, where r = 0 can correspond to a wall or to a
plane of symmetry. The expansion is assumed to start at
t = 0. At first a simple expansion wave is generated which
is centered at r = 1, t = 0. This region is bounded by the
lines ft = — 1, ft = I , and a = I in Fig. 3. The reflection of
this wave, at r = 0, results in an interaction region, also indi-
cated in Fig. 3. The solution for both regions is discussed
herein. In this discussion it is convenient to use the local
speed of sound a = a/oo, instead of p, as a dependent vari-
able. These are related by, for isentropic flow,

p = (14)

In the simple wave region, the dependent variables depend
only on (r — l)/t. The solution of Eqs. (3) for v and a then
can be shown to be

v = ']
a =

7 +

(15a)

(15b)

The leading edge of the simple wave corresponds to a = 0,
and its location is given by R = r = I + 2^(7 — 1). The
leading edge moves with velocity dR/dt = 2/(7 — 1), as pre-
viously noted. The trailing edge of the simple wave is de-
fined by the line r = (1 — t). The fluid between this line
and r = 0 is uniform at the initial values, v = 0, p = a = l.

The solution for the interaction region requires the intro-
duction of the Riemann variables:

(16a)

(16b)
a = a + [(7 -

ft = a - [(T - D/2]w

The quantities a and ft are constant along characteristic lines
that propagate with velocity v + a and v — a, respectively.
These characteristic lines are illustrated in Fig. 3. (In the
simple wave region a = 1, whereas ft varies from —1 at the
leading edge to +1 at the trailing edge.) From Eqs. (16)
it follows that

v = [l/(7 - D K a - ft)
a = ±(a + ft)

(17a)
(17b)

With these relations, Eqs. (3) can be inverted so that (r, t)
are considered functions of (a,ft). The resulting equations
are

c> = _1__ /
da 7 — 1 \

7 + 1 ,
2 a '

3 - 7
2 « -

7 — 3 \ di
2 / 5/3

7 + 1 fi\ 2tt
2 ^c>a

(18a)

(18b)

Eliminating r yields a single second-order partial differential
equation:

N

where

a + ft \da

2V = (T + D/2(7 - 1)

(19a)

(19b)

The boundary between the simple wave region and the inter-
action region (line a = 1 in Fig. 3) is denned by3> 5 > 6

1(1,0) = (20)

where (3 varies from 1 to — 1 as t goes from 1 to c°. An ex-
plicit expression for t(a,ft) in the interaction region is found
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p\ 0,6

Fig. 4 Variation of density with time, at r — 0, for plane (cr = 0) expansion of initially uniform gas into vacuum

by integrating Eq. (19a) with the initial conditions given by
Eq. (20) and equals

A 7 A r i . (1- oO(l- 0)\

(21)

Here, F( ) is the hypergeometric function. If Af is a positive
integer, the hypergeometric function in Eq. (21) reduces to
a polynomial of degree AT — 1. In particular, for N a posi-
tive integer,

N-l T(NF(l - N,N,l;z) = 1 +

(22)

where T( ) is the gamma function [(T(N + 1) = NT(N),
F(l) = 1, T(J) = (Tr)1'2]. Equations (18a) and (18b) then
can be integrated to give r(a,l3). Thus, for AT an integer, an
analytic solution for the interaction region is obtained.
Note, from Eq. (19b), that 7 = (2N + l)/(2Ar - 1), so that

The variation with time of the fluid properties at r — 0
can be found from Eq. (21). At r = 0, a = ft = a, so that
Eq. (21) relates t and a (or p,p,T) for t > 1. The variation
of p with t, at r = 0, is plotted in Fig. 4 for 7 = f , -J, f-, ~y-
The asymptotic solution, for long times, is indicated by a
dashed line in this figure. It is seen that the flow ap-
proaches the asymptotic solution more slowly as 7 decreases.

The entire flow field, after long times, also can be de-
scribed. The velocity field is given by v = r/t [Eq. (4)].
The density distribution and other state properties are
found from Eq. (21). Note that a + /3 = 2a approaches
zero as t -** °° . Hence (1 — a) (1 — j3)/2(a + j8) -> °° as
£ -* °°> provided a < 1, and only the last term need be re-
tained in the polynomial expansion for F( ) in Eq. (22).
This results in the following expression for p :

. =
p

(T- i) r(JV + 1/2)

(3-T)/2(7-D
(23)

Equation (23) is valid for N an integer, t -> co; and a < 1.
After long times, the characteristic line a = 1 propagates

with velocity 2/(7 - 1) [from Eq. (16a) with a = 1, a = 0]
and thus is parallel to the leading edge of the simple wave
(]8 = —1 in Fig. 3). With increasing time, the mass con-
tained between these lines becomes negligible (i.e., the simple
wave region becomes negligible), and the leading edge of the

expansion can be approximated by R = 2t/(y — 1).
defining 77 = r/R, Eq. (23) then becomes

(7 - D T(N + 1/2)
7T1/2 T(N)

(1 -

Again

(24)

which may be considered valid for t —> oo and 0 < 77 < 1.
Equation (24) is quite similar in form to Eq. (13b) with & — 0.
The asymptotic solution noted in Fig. 4 is obtained from
Eq. (24) with 77 = 0.

Approximate Asymptotic Solution for Uniform Initial
Density

Equation (24) gives the asymptotic nature of the flow, as
t —>• oo ? for a plane expansion (cr = 0) of an initially uniform
gas cloud. It would be of interest to develop corresponding
expressions for cylindrical and spherical expansions of an
initially uniform gas cloud. Approximate expressions, which
satisfy conservation of mass and energy, now will be de-
veloped.

Equations (13b) and (24) suggest that a suitable form for
p, as t t is

where B and D are constants and 77 = r/R. Since an initially
uniform gas cloud is being considered, R will be taken as

R = (26)

The constants B and D can be found from conservation of
mass and energy. The latter can be expressed as

(27a)0-+ 1

1
7(7 ~ D(o- + D

(27b)

Equation (27a) equates the mass at t = 0 to the mass at t ->
oo t and Eq. (27b) equates the internal energy at t = 0 to the
kinetic energy at t -> oo. (The internal energy —* 0 as t —>
oo.) Substituting Eqs. (25) and (26) in Eqs. (27), with
v = r/t. gives

- 1 (28a)

(28b)

For ff = 1 and N and integer, D = (7" — l)/4. Numerical
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v and v + A£ is denoted by Am0 and equals

Fig. 5 Variation of density with rj for continuum and free
molecular expansion of initially uniform gas

(t- » , - y = i)

values for B and D are given in Table 1 for cr = 0, 1, 2 and
7 = M,f,V-,andif

Equations (25) and (28) are in exact agreement with Eq.
(24) for cr = 0 and N an integer. Since Eqs. (25) and (28)
are an approximate integral method solution, they may be
considered valid for N not an integer, as well as for a = 0,
1, 2. A similar solution has been presented in Ref. 6, among
number of other approximate solutions.

The variation of density with 77 is given in Fig. 5 for 7 =
I- and a = 0, 1, 2. It is seen that, as a increases, the density
decreases more rapidly with 77. The variation of density
with 77 is given in Fig. 6 f or a = 1 and 7 = -f, |-, and f. The
density decreases more rapidly with 77 as 7 decreases.

Free Molecular Expansion

_ If the mean free path§ of the molecules in a gas is of order
RQ or larger, the expansion may be treated as a free molecule
flow. That is, collisions between molecules can be neglected,
and each molecule moves with a constant velocity through-
out the expansion. This case has been discussed in Ref. 4
for various initial density distributions. The free molecular
expansion of initially uniform gas clouds is discussed herein
for t —> oo ? and the results are compared with those from
continuum theory.

Consider an elemental mass m0 of particles to be located
at f o at I = 0 and to have a Maxwellian distribution of ve-
locities. The mass of particles having velocities between

Fig. 6 Variation of density with 17 for continuum and free
molecular expansion of initial uniform gas (t —* oo, <r = 1)

§ An approximate expression for the mean free path is I =
VQ/OQ, where VQ is kinematic viscosity. Free molecular flow
theory applies when l/Ro = vo/doRo >0(1).

3/2x> — JlVzfi2 A 7-7 /OQ\e v .LXV ^zy;

where h = 7/(2a0
2). Assume that the container that con-

fines mo is removed at I = 0. At a later time I, the particles
in the velocity range v to v + A0 will be contained in the
volume bounded by f = fo + vl and f = f0 + '(w + At;)*.
This volume has the magnitude AF = 4?ri;2*3 At;. The den-
sity of the particles p(f,l) ^ Am0/AF is then

(30)

Equation (30) gives the density at (rf) due to an initial ele-
mental mass mo at (f o, 0) . The expansion of a gas, with an
arbitrary initial distribution of density, can be found by the
linear superposition of the elementary solution given by Eq.
(30) which corresponds to a spherical (a = 2) expansion of
an elemental three-dimensional mass source. A similar ex-
pression can be found for an elemental line source (a = 1)
or plane source (cr = 0) located at (?o, 0). The result, valid
for all cr, is

/W W
——— (31)

where mo equals the initial elemental mass for cr = 2, the ele-
mental mass per unit length for a = 1, and the elemental
mass per unit surface area for a = 0 (assuming a symmetrical
expansion) .

Now,_ consider the expansion of an initially uniform gas of
radius RQ and cr = 0, 1, 2. After long times, the flow may be
considered as having originated from an elemental source.
The solution f or t -*- °o then is given by Eq. (31), which can
be put in nondimensional form by introducing r = r/R0, v =
V/OQ, t = MQ/RQ, etc. In the present case, define 77 = (7 — 1) X
r/2t so that 77 = 1 corresponds to the leading edge for the
corresponding continuum expansion. (There is no leading
edge for the free molecule expansion, since r-> °o as p -> 0.)
Equation (31) then becomes

pi*+i = D'e-^V (32)

where

D' = (27/T)"*,
B' = 2T/(7 - I)2

7/2, (7/3X27/7T)1/2 (7 = 0,1,2

Note that Bf is independent of cr. Numerical values for Bf

and D' are tabulated in Table 1. Plots of ptff+1 vs 77 are pre-
sented in Figs. 5 and 6. Although the form of Eq. (32) is
different from that of Eq. (25), the variation of pta+1 with
77 is similar for the two equations, except near the leading
edge of the expansion (see Figs. 5 and 6). For 77 = 0, Eq.
(24) becomes pe<r+1. = D, and Eq. (32) becomes pt"+l = D',
so that D and Df determine the variation of p with I at 77 =
0. From Table 1 it is seen that, for each a and 7, D < D'
so that the density at the axis decays more rapidly, with
time, for continuum flow. The difference in the expansion
rates becomes more pronounced as 7 approaches 1.

The latter result can be understood more readily by con-
sidering the distribution of mass within the free molecular
expansion. Let \l/(vf) be the fraction of the total mass which
is contained between the ordinate 77 and the axis. Then,
using Eq. (32),

dr =

-V

(or = 0) (33a)

(cr = 1) (33b)

(a- = 2) (33c)
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Table 1 Constants defining continuum and free molecular expansion of initially uniform gas clouds as t —> °o [see Eqs.
(28) and (32)]

7

5/3
7/5
9/7
11/9
13/11

B
1
2
3
4
5

CT = 0
D

0.5
0.375
0.313
0.273
0.246

B'

7.5
17.5
31.5
49.5
71.5

D'

1.03
0.944
0.905
0.882
0.867

B

3
5
7
9
11

or
D

0.444
0.24
0.163
0.123
0.099

= 1
B'

7.5
17.5
31.5
49.5
71.5

D'

0.833
0.7
0.643
0.611
0.591

B

5
8
11
14
17

<r
D

0.434
0.169
0.094
0.061
0.044

= 2
B'

7.5
17.5
31.5
49.5
71.5

Df

0.572
0.441
0.388
0.359
0.342

where erf ( ) is the error function. The effective leading edge
of the free molecular expansion might be taken to correspond
to t(rj) = 0.9, 0.99, or 0.999, etc. The values of (£')1/2

77 which correspond to \^(rf} = 0.9, 0.99, and 0.999 are given
in Table 2. Let (B')ll2r] ~ 2 be taken as a characteristic
value defining the effective leading edge of the free molecular
expansion, and let the corresponding value of r be denoted
by Reff. Then Rets/t » 2(2/7)1/2. This may be compared
with R/t = 2/(7 — 1) for the continuum case, provided 7 ^
1." Hence, the continuum expansion spreads more rapidly,
particularly for 7 near 1.

Hypersonic Jet

As noted in Ref. 5, the lateral expansion of a steady hyper-
sonic jet, bounded by a vacuum, can be reduced to an equiva-
lent unsteady expansion. This equivalence now is discussed.

Consider a nozzle to exhaust a hypersonic stream into a
vacuum. Let u be the velocity in the streamwise x direc-
tion, UQ be the value of u at the nozzle exit, Mo = UQ/CLQ, and
d be a characteristic slope of the streamlines. If the de-
pendent variables have the form

= 0(5) /5/po = 0(1) U/UQ = I + 0(52) (34)

then the continuity and v momentum equations reduce to Eqs.
(1) (neglecting terms of order 52 compared with 1) with I re-
placed by X/UQ. These equations can be solved for v and
p independent of the x momentum equation. Bernoulli's
equation can then be used to find u (which equals UQ to order
52). The characteristic slope may be taken equal to that
of the leading edge of the expansion after long times

5 = [2/(y - (35)
The foregoing solution is self-consistent when M0

2 ^> 1
(provided 7 is not nearly equal to 1) and hence applies to
hypersonic jets. Thus, the previous unsteady solutions for
a = 0, 1 apply to two-dimensional (cr = 0) and axisymmetric
(a = 1) hypersonic jets. The variable I in the former is re-
placed by X/UQ in the latter. If a nondimensional x =
X/RQ is introduced, then t is replaced by x/MQ in the non-
dimensional equations.

Numerical Solutions

The equations of motion for an initially uniform hyper-
sonic axisymmetric jet exhausting into a vacuum have been
integrated numerically for MQ = 10, 15, 7 = 1.4, and M0 =
10, 7 = 1.22. The computations were performed by A. B.

|| A more precise comparison can be made by computing
\j/(-n] for the continuum flow. This can be done in closed form
for a = 1. In particular, for o- = 1 and continuum flow, Eqs.
(25) and (28a) show ^(77) = 1 - (1 - ?>*)^ + D/(T - D. For
a given value of e = 1 — ̂ (77) and <r = 1, the corresponding values
of 77 for the free molecular and continuum flows are related by
^Acont = (7 - l)(-lne)i/V(27)1/2[l - e(7- D ( 7 + D]i/2.
For e <<C 1 and 7 ^ 1, the latter gives (jKeff)/W(#eff)cont =
(7 — 1)(— lne)1/2/(27)1/2, which is essentially the comparison
given in the body of the report.

Table 2 Effective leading edge of free molecular expansion

= 2

0.9
0.99
0.999

1.16
1.82
2.33

1.52
2.15
2.63

1.77
2.40
2.85

Troesch and R. F. Kramer using an existing digital computer
program. The density along the axis of the jet was found
as a function of distance and is plotted in Fig. 7. The ap-
proximate asymptotic solution, previously presented [Eqs.
(28) ], also is noted in Fig. 7. It was not possible to continue
the machine solution until the asymptotic form p(x/MQ)<r+1 =
D was attained.

Attempts to extrapolate the machine results analytically
to very large distances, for direct comparison with the ap-
proximate theory, also met with some difficulty, the answer
depending on the extrapolation scheme used. For the MQ =
10, 15, 7 = 1.4 case, however, some confidence can be placed
in the extrapolated value D = 0.22, which can be compared
to the approximate value D = 0.24 given in Table 1 for
7 = 1.4, a = 1. As expected, the results for MQ = 10, 15
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Fig. 7 a) Variation of density with distance along the axis
(r = 0) of axisymmetric steady hypersonic jet (Mo = 10;
7 = 1.22) expanding into vacuum; continuum flow, b)
Variation of density with distance along the axis (r = 0)
of axisymmetric steady hypersonic jet (M0 = 10, 15; 7 —

1.4) expanding into vacuum; continuum flow
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and 7 = 1.4 were essentially independent of Mach number
and are plotted as a single curve in Fig. 7b.

Reference 4 gives numerical results for the density at the
center of an initially uniform spherical gas cloud expanding
to a vacuum for 7 = •§-. The results are presented by a plot
of p vs t which yields D = 0.38. The latter value can be
compared with the approximate value D = 0.434 given in
Table 1 for cr = 2, y = -f. However, it should be noted
that the initial portion of the continuum curve of p vs t in
Ref. 4 obviously is incorrect, since the numerical solution for
p vs t approaches the asymptotic solution from below rather
than from above (compare with Fig. 7). This casts some
doubt on the correctness of the resulting value D = 0.38.

In general, it appears that the value of D given by the
approximate solution [Eq. (28)1 tends to be somewhat too
large for a = 1, 2, although it is exact for or = 0 and N an
integer. The two numerical solutions noted herein indicated
that D is too large by about 10%. Further numerical solu-
tions are required to define better the accuracy of the ap-
proximate solution. #
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# After completion of the present report, the authors com-
municated with C. Greifinger, of Rand Corporation, who has
obtained numerical solutions for the continuum expansion of an
initially uniform gas into a vacuum. These results are as yet
unpublished. However, Dr. Greifinger has compared the values
of D, in Table 1, with his results. He stated that, for a- = 1,
the values of D for 7 = ^ and 7 = 1.4 are about 10% and 20%
high, respectively. For a = 2, he has stated that the values
of D for 7 - V and 7 = | are about 50% and 100% high,
respectively. Thus the approximate solution of the present
report appears to become more in error as a and 7 increase.
However, for hypersonic rocket exhausts (a- = 1, 7 ~ 1.2), the
approximate solution should be correct to within 10%. The
publication of Dr. Greifinger's results will permit a more ac-
curate evaluation of the approximate solution and might provide
a basis for improvement.
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Powered Flight Trajectories of Rockets
under Oriented Constant Thrust

CHONG-HUNG ZEE*
Curtiss-Wright Corporation, Wood-Ridge, N. J.

The second-order nonlinear differential equations of motion in the case of a rocket in drag-
free powered flight under a thrust of constant magnitude and fixed orientation are solved by
series expansions developed to the seventh power of the independent variable "time." The
coefficients of each power of "time" are in terms of the preceding ones and, consequently, in
terms of the initial conditions. The truncation errors of the series are estimated; hence their
accuracy can be evaluated. The case of oriented constant thrust acceleration also is included
in the present analysis.
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a0, a i,

02, •
B

C
C'
c
D
D'

M

Nomenclature
= mc/MQgQ

= constants to be determined
= (m/M0)(r0/0o)1/2

= constant to be determined

= (dr/dt\
= effective average exhaust velocity of the jet
= (dO/dr\
= (de/dt)Q
= gravitational constant at distance rQ from the

center of attraction
= COSJ/'
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m
TV
r

vx
Vy .

X
Y
Rnl, Rn2,

£1, fc, - • • ,
?iwj£2m

P

mass of rocket at the beginning of thrusting
constant flow rate of propellant mass

distance between the rocket and the center of
attraction at any time t

distance between the rocket and the center of at-
traction at t = 0

time
velocity component in the X direction
velocity component in the Y direction
coordinate (origin at r = r0} 6 = 0)
coordinate (origin at r = r0, 0 = 0)

remainder of truncated series
angle between radius vectors rQ and r

values of T between the interval 0 and T
r/rQ
(00/ro)1/**
angle between the thrust vector and the radius

vector r0


